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APPENDIX  -  DKTAII.ED  GEOMETRY,  DERIVATIONS 
AND  CALCULATIONS 

A.  TRANSIT 

« 

1.  PasB  Loss  Factor*  ,  • 

This  section  derives  the  base  loss  factor  (BLF)  equation.  The  base  loss 
factor  determines  the  number  of  platforms  required  to  keep  one  platform  on 
station. 

The  general  BLF  is  the  cycle  time  of  a  platform  divided  by  the  time  on  station. 
A  cycle  is  defined  as  the  time  interval  between  overhauls. 

The  following  definitions  are  necessary  to  develop  the  general  BLF 
equation.  All  times  are  in  months. 

Definitions 

T^  “  overhaul  time  , 

T„  “  two-way  transit  time 
Tr 

T  .  “  time  on  station 
St 

Tp^^  «  total  time  in  a  cycle 


!  ■ 


1 


^y 

^  ”  T - overhaul  coefficient  C  /b  is  fraction  of  platforms  out-of- 

Cy  V  overhaul) 


n  «=  on  station  requ''  rnments  in  platformt 


N  *=  total  roquiremonts  to  support  n  platforms  on  station 

N 

N'  t=  —  c!  number  of  platforms  out-of-overhaul  and  available  for  operation 

D'fcy  “  on  station  requirements  in  platform  months/cyclo 

N'Tcy  “  platform  months  available  from  out-of-overhaul  platforms  to 
provide  on  station  requirements 


Nj^  *=  fraction  of  total  platforms  out  of  overhaul  which  are  in  upkeep 


US  Navy  Mid-Range  Objectives  MRO-78  (U),  CNO  Sor  0091,  0P93,  (0  Oct  1%6) , 
Part  II,  Chapter  II. 
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upkoep  timo  in  platform  months/cyclo 

\  “  training  oocffioiont  (fraction  of  non-deployed,  out-of-ovsrhaul 
time  given  to  self  training) 

\<N'Tcy  -  normal  self  training  time  for  non-deployed,  out-of- 

overhaul  platforms 

Oy 

Tgt  ‘number  of  roundtrip  transits/cycle  from  base  to  station 
Cy  Tr 

'  m  "  number  of  platform  months/cycle  spent  in  transit 
S 


The  out  of  overhaul  time  per  cycle  is  equal  to  the  sum  of  the  on  station, 
upkeep,  training  and  transit  timo. 


nT  T 


N't  »  nT  +  N  N'T  +  N„  (N'T  -  nT  )  +  — Slllf 
Cy  Cy  M  Cy  T  cy  Cy 


Dividing  out  T  and  collecting  common  termsi 
Cv 


N'  ~  N..N'  -  N„N'  =  n  -  N„.n  + 


1'  T„ 


N'  ^  '*St  ^ 

n  “  1  -  -  N„ 

M  T 


BLF  «  “  b 


-  "t 


,  the  gonorallaed  CLl-'  equation. 


In  Section  III  of  the  report,  only  ready  platforms  aro  considered.  Said 
another  way,  the  platforms  are  a.snumed  to  be  out-of-ovorhaul,  already  maintained 
and  trained  so  that  the  out-of-ovcrhaul,  upkeep  and  training  times  are  effectively 
2oro  and  the  equation  reduces  to  (see  following  pago) s 


V-  r 


I 


BLF 


T, 


A 


St 
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TJiis  equation  represents  the  number  of  ready  platforms  needed  to  keep  one 
on  station. 

The  impact  of  transit  speeds  and  platform  endurance  on  force  level  require¬ 
ments  can  bo  evaluated  by  this  BLF  equation-  In  this  approaohi  the  total  en- 
duranoe  timei  Tg,  is  defined  as  the  two-way  transit  time  plus  tlio  on  station 


time  and  is  given  by  the  expression 

%  “  "^Tr  ’’st  . 

Than  the  BLF  can  be  written  as 


Tr  E 


RLP  « 


V  T 
Tr  E 


whore  D  <=>  two  way  transit  distance 
“  transJ.t  speed 


A  -  1 


.•\ . 


1  “ 


Vm  T,, 
Tr  E 

D 


The  total  endurance  time  can  be  written  ns 

T, 


,  .iL  \ 


.n-5 


A-6 


For  any  given  transit  distance,  the  BLF  is  reduced  by  increasing  the  product 


of  the  total  endurance  time  and  the  transit  speed.  The  overall  change  in  foroe 
level  requirements  which  jrosults  from  increasing  transit  speed  dep)ends  on  the 
effect  on  platform  endurance  from  that  increased  speed.  When  endurance  is  rela¬ 
tively  independent  of  speed,  increased  transit  speed  will  result  in  reduced  force 
level  requirements. 


A-3 
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In  the  case  where  the  platform  endurance  is  a  dependent  function  of  its  speed, 
the  overall  offoct  of  increased  transit  speeds  on  force  level  ^requirements  la  not 
immadiatoly  apparer.t..  This  effect  can  also  bo  evaluated  by  tho  BLF  equations.  In 
this  discussion  the  endurance  of  platforms  using  conventional  propulsion  is  assumed 
to  bo  limited  by  the  amount  of  fuel  they  can  carry  (assuming  that  refueling  is  pos¬ 
sible  only  at  tho  origin) . 

When  fuel  is  the  quantity  that  limits  endurance,  the  time  on  station  can 
bo  defined  as* 


T 


Fuel  Available  On  Station 


‘S  Fuel  Consumption  Rate  On  Station 
The  fuel  available  on  station  is  the  difference  between  the  fuel  that  was  avail¬ 
able  at  the  oriqin  and  the  fuel  necessary  for  two-way  transit. 

D 


Fuel  available  on  station  «  p  - 


Tt 


Tr 


wnorci 


P  =  fuel  available  nt  origin 

r^^  e  fuel  consvunption  rate  while  in  transit 


Thus, 


F  -  . -  r 

V^j.  Tr 


•n  t= 

s 


St 


where 


*^St  ^nel.  consumption  rate  while  on  station 
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ThQ  total  endurancQ  time  T  ,  is  approximatod  by  the  expressions! 


T  •=  T  + 

E  Tr  St 


F  - 


Vte 


V'fr 

The  base  loss  factor  can  then  be  written  at: 


■•St 


BLF  « 


T  +  T 
Tr  St 


T 


St 

D 

Tr 


1  + 


p  y. 

Tr 

Tt 


when  fuel  limits  the  endurance  of  the  platform. 


Transit  to  Destination 

This  sGction  derives  the  equations  used  for  the  oconomio  analysis 
of  a  single  platform  transiting  from  an  origin  to  a  destination.  The  total 
transportation  cost  includes  all  costs  associated  with  transporting  the 
cargo  from  an  origin  to  a  destination  and  is  the  sum  of  three  component' 
costs! 

the  dollar  value  of  the  cargo  which  could  alternately  be  invested 
at  some  rate  of  interest  during  the  time  of  transit 

*  • 

—  the  cost  associated  with  operating  the  platform  (speed 
independent) 

—  a  speed  dependent  cost  related  to  energy  consumption 


The  value  of  the  cargo  at  the  origin  is  the  number  of  .tons  of  cargo  times 
the  value  per  ton  of  cargo.  Tiie  value  per  ton  of  cargo  can  be  expressed  as  the 
dollar  value  of  the  cargo  or  v.'cightod  dollar  value  when  the  cargo  has  a  vrarth  ■ 
beyond  the  market  value.  The  cargo  value  could  bo  alternately  invested  during 
the  time  of  trani-jportation  from  the  origin  to  the  destination.  The  portion  of 
the  total  transportation  cost  which  is  assigned  to  the  cargo  itself  is  the  cargo 
value  times  the  investment  rate  times  the  transit  time. 


The  transportation  co.sts  due  to  the  particular  platform  used  are  divided 
into  the  platform  operating  costs  (speed  independent)  and  the  energy  consump¬ 
tion  costs  (speed  dependent).  The  platform  operating  costs  include  deprecia¬ 
tion  of  the  platform  and  equipment,  personnel  costs,  maintenance,  port  fees, 
overhaul  and  special  costs  due  to  the  particular  c>xerci.'.K!.  These  operating 


costs  can  be  added  together  and  divided  by  the  product  of  the  lifetime  operating 
hours  of  the  platform  and  its  cargo  capacity  to  obtain  an  average  platform 


operating  cost  per  ton  hour. *  Those  costs  wero  assumed  to  be  independent  of 
speed  for  this  study.  Some  of  these  costs  would  become  speed  dependent  if  the 
platform  utilization  varied  because  of  changes  in  speed. 

The  speed  dependent  costs  wero  identified  as  being  chiefly  related  to 
energy  consumption.  Energy  consumption  is  a  function  of  the  propulsion  sys¬ 
tem  and  the  mode  of  transport. 

The  transportation  cost  is  given  by  the  expression: 

Transportation  Cost  «  CQIT  +  kV^DQ  '  ' 

where  s 

C  «=  cost  of  cargo  (dollara/ton) 

Q  “  number  of  tons  of  cargo 
I  •=  investment  rate  (%/hour) 

T  ■=  time  to  transit  from  origin  to  destination  (hours) 

Cq  “  operating  cost  (dollars/ ton 'hour; 

V  “  speed  of  transit  (knots) 

k  «  proportionality  constant  relating  .speed  to  fuel  consumption 

a  =  i:)roport.ionality  constant  relating  fuel  consiunption  to  mode  of  transit 

a  ... 

kV  =  energy  consumption  cost/ton ‘mile 

U  =  di.st.ance  from  origin  to  destination 

and 

Transportation  Co;.! 

Ton ’Milo  '  o  V 

The  sender  would  like  to  minimize  the  total  transportation  cost  per  ton  mile 
by  choosing  a  V  nucli  that  the  transportaiiion  co.st  per  ton-mile  is  a  minimum. 

*RofQrence3.  for  operating  cost  dat£i  include  The  Utility  of  High  Performance 
Watcrcraf t  f<Tr  Kelectod  Mission;:  of  the  United  titates  Coiist  Cuard  (H)  /  I’ro- 
ject  ‘72ii>30,  Center  for  Naval  Analysis,  Novemlaer  1072. 
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Differentiating: 


I..,,  ■  -I  .  l■■^-..■— .  ■  - -  I-  1.^  -"■—  t&  —»»■..■■'-  '  I  I--—. 

dV  ..2 


+  oikv  “  ^  a  0 


.  ,  Cl  +  c 
..  a+1  o 

- - 

opt  koi 


opt 


Cl  +  C 


ka 


a+1 


where  is  the  speed  that  minimizes  the  cost  of  transporting  the  cargo . 


When  Cl  is  much  smaller  than  c^,  then 


V  e 

opt 


ka 


a+1 


3,  Sustained  Logistic  Support 

This  section  develops  the  equations  for  the  number  of  platforms  required 
to  fill  a  pipoline. 

Suppose  that  Q  tons  of  cargo  must  be  delivered  during  a  time  period,  T. 
The  average  rata  of  delivery  must  be 

S.  c  Tons 


T  Unit  Time 


Lot  each  platform  have  a  payload  capacity  of  Qp  tons. 


The  time  interval 


between  platforms  is 


t  “ 


The  time  for  a  platform  to  deliver  the  cargo  is  the  time  in  transit  plus  the 
loading-unloading  time.  The  time  for  a  one-way  transit  is  where 
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D  r!  one-way  transit  distance  (nm) 

V  speed  of  transit  (knots) 

Thr  loading-unloading  time  is  ,  where  r  is  the  loading-unloading  rate  in 
tons/hour.  The  time  for  a  roundtrip  is 

2  (7  +  - 

The  roundtrip  L.ime  divided  by  the  r.ime  interval  between  platforms  equals  the 
number  of  platforms  required  to  fill  the  pipeline.  Thus,  the  number  of  plat¬ 
forms,  n,  required  to  fill  the  pipeline  is  given  by  the  expression 


2  (D , 
t  v  r 


TQ 

who’-e  t  = 


A-13 


or 


2P  ,  D  ^1, 

T  VQ  r 
P 


A-14 


The  effects  of  changing  the  loading-unloading  rates  on  the  number  of  platforms 
can  be  expressed  in  terms  of  the  relative  number  of  platforms  required  to  fill 
the  pipeline,  compared  to  the  number  for  a  base  case.  This  is  given  by 


'rul  == 


fe  *  0 
(%  *  '*) 


A-15 


where 


*rol  “  relative  num>ier  of  platforms 
r*  !=  base  case  loarting/unloading  rate 


h  'K*; 

'  '  ♦'  f  r 

'  I 

4.  . 
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n.  CONVOY 


Tho  purpone  of  this  section  is  to  demonstrato  tho  appropriate  geometry 
derivations  and  equations  used  in  the  analysis  cf  convoy  operations. 

1.  Area  of  Threat  to  the  Convoy 

The  following  discussion  of  the  area  of  threat  is  an  extension  of  Koopman's 
Theory  of  Search. * 

The  area  of  throat  to  tho  convoy  at  an  instant  in  time  is  the  area  from 
which  an  attackor  could  detect  and  approach  the  convoy. 

The  area  of  tVircat  is  a  function  of  the  attacker  speed,  the  attacker  weapon 
speed,  the  attacker  weapon  range,  tho  attacker  detection  range,  and  the  convoy 
speed.  Figure  B-1  repeats  Figure  lV-1  and  contains  the  appropriate  geometry 
and  relationships. 

Case  la  shov.':’  thr>  when  tho  wpooon  rangp.  Is  zero  and  the  convoy 

speed  is  greater  than  tho  attacker  speed.  The  limiting  angle  of  approach  is 
determined  from  relative  mution  con-siderntions  and  is  given  by 


where  =  Speed  of  Attnokcr 
=  Speed  of  Convoy. 

The  area  of  threat  in  Catu;  Xa  is  the  sector  of  a  circle  whose  radius  is 
equal  to  tho  attacker's  detoclion  range  and  whose  angle  is  tho  angle  between  the 
two  limiting  linos  of  approach.  This  angle  is  (see  second  following  page,  B-3) 

■k 

B.O.  Koopman,  "Theory  of  Search,  Part  I,  Kinematic  BaacF", Operations  Research, 
Volume  4,  (1956),  pp  324-346. 
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•  Figure  B-1 

Area  of  a  Threat  to  a  Convoy  for  a  Given 
Attacker  Detection  Range  As  A  Function  of  Convoy/ 
Attacker  Efteed  Ratio  and  Convoy/Attackor  V/eapon  Speed  Ratio 
and  the  Attacker  V/eapon  Range 


Case  I  V_  >  V. 
-  C  A 


la 


V  “  V  (or  R  «= 
W„  A  .  W, 
a  a 


0) 


Case 


•V  >  V 
C  W 


Ik 

>- 

a 


V 

A 


>  V- 


>  V 


A 


sro : 


R  =  Detection  Range  of  Attacker 
^a 

R^  '=  Wecipon  Rcingc  of  Attacker 
V  “  Speed  of  Convoy 


=  Speed  of  Attacker 

V  “  Speed  of  Attacker's  Weapon 
*n 


Thus,  the  throat  area  is 


r  ' 


I 


JiO  e  2  sin 


^la  “  j  - 

and  the  normal izod  threat  area  for  case  la  is 

r!  „  .• 

ni^ 

a  .  ,  .  ■  ‘  , 

whore  =  detection  range  of  the  attacker. 

When  the  weapon  speed  Is  greater  than  the  convoy  speed,  and  the  convoy 
speed  is  greater  than  the  attacker  speed,  the  threat  area  is  as  shown  in  Case  Ic 
in  Figure  H-1. 

The  threat  area  for  Case  Ic  is  a  function  of  the  attacker  speed  (V.),  the 

convoy  speed  (V^) ,  the  attacker  wcai^on  speed  (V,^  ) ,  the  attacker  weapon  range 

•  (R^  )  and  the  attacker  detection  range  (It^  ).  Let  point  0  (see  Figure  B-2)  bo 
a  '  a 

the  convoy  center  at  the  time  of  detection  and  let  0  define  a  circle  with  radius 


^Vhen  and  >  V^,  the  instantaneous  threat  area  is  bounded  by  the 

path  ABKCDEFA.  (When  ^c'  convoy  can  be  threatened  from  behind  by 

the  attacker's  weapons.)  The  maximum  threat  ddr-tanr'i  from  directly  behind  '.hs 
convoy  at  point  E  at  an  instant  in  time  is 

\  -  ^  \ 
a  W  a 
a 

When  only  the  attacker's  weapon  is  considered,  the  area  of  threat  to  the 

convoy  as  the  convoy  transits  from  O  to  P  is  the  circle  centered  at  P  and  riuUus 

V 

Kyj  .  Point  P  is  a  distance  r —  from  point  0. 

a  '  ''vr  a 

a 


IV 


I 


When  the  attacker  speed  is  considered,  the  limiting  linos  of  threat  are 
tangent  to  the  circle  centered  at  P  and  are  at  an  angle  sin  I  V~y  ’ 

path  of  the  convoy.  Thus,  the  arc.  FED,  the  limiting  lines  AF  and  DC,  and  the 
arc  ABKC  are  the  boundaries  of  the  instantaneous  area  of  threat. 

The  instantaneous  throat  area  can  be  divided  into  three  areas— the  segment 
FGDEF,  the  segment  AHCKBA,  and  the  trapezoid  with  top  AHC,  bottom  FGD,  and 
height  GH. 

The  area  is  calculated  as  follows:  the  angle  6  is  a  function  of  the  attack¬ 
er  speed  and  convoy  speed  emd  is  the  limiting  angle  of  threat  for  an  attacker. 

I 

The  angle  0  can  be  calculated  by  determining  the  chord  length  CK.  Lines  OL  and 
CD  are  parullol  and  the  line  CD  is  tangent  to  the  circle  centered  at  P.  PD  is 


perpendicular  to  CD  and  OL,  and  PD  equals  .  Chord  length  CK  =  2  (R^  -  x) , 

.  a  "a 

whore 


''o 

W  a 
a 


W  a 
a 
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Thus,  0  “  sin 


-1 


1  - 


W 


The  segment  AIICLKI3A  is  subtended  by  the  angle  2(0  +  P)  with  radius  .  The 

a 

area  of  the  segment  is. 


itR^  (2  (0  R))  Up 


271 


ar 

-[s 


in  2  (0  + 


3)] 
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The  angle  y  is  equal  to 


So  the  area  of  the  segment  FEDGF  is, 


^  r,  2 

g  _ a 

2ii  “  2 


Bin(2Y) 
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The  trapezoid  has  a  top  AlIC  and  bottom  FGD.  Wo  have  WIC  “  2R  8in(0  +  P) , 

and  FGD  =■  2R^  s.lnCy). 
a 

The  height  of  the  trapezoid  can  be  calculated  as  HO  +  PG  “  OP,  where, 

HO  >=  cos (6  +  P) 
a 

PG  =  R^  cos(y) 


W  a 
a 


Thus,,  the 'area  of  threat  is  given  by, 

„2 


R_ 


2  “a  ? 

Aj^  “  %  +  .1^)  “  “2“  •■3in[2(0  +  3)]  +  (y)  -  ~  sin(2Y) 

a  a 


V 

t  [r  sin(0  +  S)  t  ain(Y)l  x  (R  cos(0  +  3)  +  R^  coaCy)-  ^  J  B-9 

«  R?  (0  +  B)  +  R?.  (Y)  +  Rn  \  '=0°  (3) 

'^'a  a  «i 

-  ^  (0  +  S)  t  sin  (y)] 


'W  “ 
a 


when  V,,  >  V  >  V 

W  C  A 
a 


with 


0  -  sin"'^  I  — 


B  =  sin  ^ 


Y  -■  I-  -  0 


il  f  1  _  Ji 

1  V 

D  \  W 

a  \  a 


and  the  normalized  tliroat  area  for  Case  Ic  is  given  by 

a- 

^Ic  2  . 
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2.  Number  of  Escorts  Required 

The  BGCtion  develops  the  roquiremontp  for  the  number  of  escorts  to  provide 
timely  prosecution  around  the  entire  circumference  of  the  threat  circle  discussed 
in  the  text  (i.e.,  Case  11  whore  the  attacker's  speed  is  greater  than  the  convoy 
speed.)  For  purposes  of  illuminating  the  problem,  the  convoy  was  considered 
stationary.  Relative  motion  of  the .attacker  increases  with  the  con^onent  of 
the  convoy  speed  toward  the  attacker.  The  effect  on  the  required  speed  of  the 
escort  depends  on  the  relative  postions.  In  the  most  demanding  case  (attacker 
dead  ahead  of  convoy,  escort  dead  astern) ,  the  escort  speed  requirement  is 
increased  by  an  amount  equal  to  the  convoy  speed. 

The  basj.c  geometry  is  shown  in  Figure  B-3.  The  escort  is  stationed  at  a 
point  on  a  circle  of  radius  1^,  about  the  center  of  the  convoy.  An  attacker  is 
detected  at  a  distance  R  from  the  center  of  the  convoy.  The  detection  could 
be  made  by  the  esoorts,  thu  \.Oi*ivoy,  or  sorro  vAtcriial  as  ai.r*ui.art  or 

satellite.  Thus,  the  escorts  could  have  the  sole  task  of  intercepting  the  at¬ 
tacker.  The  escort  mu.st  then  cover  the  distance  K  between  hi.s  position  rolative 
to  the  center  of  the  convoy  cind  tlio  point  ah  which  the  attacker  could  launch  his 
weapon  in  order  to  intercept  the  attack.  The  intercept  distance,  R^,  again  mea¬ 
sured  from  the  center  of  the  convoy,  is  tiaken  to  be  equal  to  or  greater  than  the 


range  of  the  attacker's  weapon.  The  time  within  which  the  escort  must  travel 
from  the  point  of  Initial  d(!tect.1.on  o.f  the  attacker  to  the  point  of  interception 
is 


t 


c 
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V 


A 


and  (n,ssuming  an  escort  wc.apon  with  infinite  speed)  the  distance  to  the  point  of 

interooption  is  R  t=  v  t  +  R.  B-11 

E  'We 


D-7 


.  r-a> 


Whoro  Vf^  =  SpoQd  of  tho  attacker 

V  «  Speed  of  the  escort 
£ 

“  Range  of ‘the  escorts  weapon 
e 


The  angle,  w,  shown  in  Figure  D-3,  is  one  half  the  sector  coverage  of  a 
einglo  escort  and  is  given  by 


<u  B  cos 


“1 


2  2 
K  +  K 

1  E 


B-i: 


Then  the  number  of  escorts  required  is 


B-i: 


.since  the  number  of  escorts  required  is  a  function  of  the  distance  that  each 
escort  is  stationed  from  the  center  of  the  convoy,  the  number  of  escort n  can 
bo  minimized  for  gi.vcn  values  of  R  and  R^  by  maximizing  (o  with  rcspoct  to  Pj^. 


Setting 

and  after  simplifying,  v;e  got. 


d 

dR. 


2  2  2 
«I  =  ^ 


which  is  recognized  au  a  right  triangle  with  sides  R  and  R. 


U) 


then  bGCOiiK'M , 


and  the  minimum  number  of  cscorta  required  is  now 


min  (0  B-15 

max 

Considering  the  integer  constraint,  the  minimum  number  of  escorts  is  i  2  whenever 
R  ^  R  “>  Rj  a  single  escort,  stationed  in  the  center  of  the  convoy,  suffices 

3 •  Escort  Sprint  Speed  Reciuircmonts 

This  soction  develops  the  escort  sprint  speed  required  for  a  given  convoy 
speed  of  advance.  Tho  escort  must  maintain  a  speed  of  advance  equal  to  or 
greater  than  the  convoy  spnod  of  advance,  V^.  The  escort's  speed  of  advance 
is  determined  by  his  sprint  speed,  V^.,,  the  time  ho  spends  drifting,  and 
his  acoustic  detection  range, 

The  geometry  is'  shown  below. 


In  this  case,  tho  sxnrint  distance  is  equal,  to  Rp  .  By  choosing  this 
'  c 

separation,  the  escort  swoops  a  width  equal  to  /3R,  nonnal  to  tho  convoy's  speed 
vector,  providing  c-'oiivoy  /uid  etK;ort  maintnin  a  cHnistant  cour.se, 

Ihe  time  roqu.i.i.ed  foi;  Ll)o  c<->iivoy  to  travel  one  iiprint  d.istaiir.;e  is  s-inijily. 


c 
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and  tho  tlmo  available  for  the  esoort  to  maintain  station  while  covering  an  equi“ 


valent  distan'je  Is, 


T  K  T 

— -  +  D 
V 

E 


in  ordor  for  the  escort  to  maintain  a  speed  of  advance  equal  to  the  convoy  speed 


of  advance.  Then,  sincQ 


we  get 


T  rs  fP 

E  C 


fi  or, 


where 


V  V 

v''c 

V  - 

E  V  -  V„ 
VC 


V  T 


If  we  increase  the  number  of  escorts  to  n,  then  the  sprint  distance  becomes  nR^^ 


and  equation  11-19  becoinas 


D  C 

V  . - S - 

E  nRj,  -V^T^ 

D 


V  -  V 
V  c 


whore  has  boon  gcnorali.Kied  to 


a  sprint  dlstcinco  .  .  ,  , 

y  B - -  - a  virtual  speed. 

V  T  drift  time 


n  «  2,  with  escorts  A  and  B  "leap-frogging"  along 
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C.  SEARCH 
1.  General 

This  section  of  the  Appendix  provides  geometry  and  functional  relation- 
ships  for  the  analysis  of  the  effects  of  speed  on  search  operations  in  the 
text.  Discussion  is  limited  to  acoustic  search  and  to  reiteration  of  general 
functional  rolationnhips  in  acoustics  and  acoustic  search  which  arc  pertinent 
to  an  investigation  of  the  utility  of  search  vehicle  speeds. 

There  are  two  important  factors  which  tend  to  bound  the  speed  range  of 
interest  for  acoustic  search.  For  surface  or  near  surfcice  platforms,  flow  noises 
at  speeds  in  excess  of  30  knots  reach  a  level  at  which  the  detection  range  is 
for  all  practical  purposes,  zero.  Horculoan  design  efforts  appear  to  be  neces¬ 
sary  to  produce  any  inoreaso  in  this  limiting  speed. 

At  very  lov;  speeds,  the  prevailing  background  noise  in  the  sea  dominates 
the  problem.  Thus,  the  thcoicLical  detection  ranges  v.’hich  might  be  erVilpM’Pd  In 
a  noiseless  environment  do  not  occur  in  the  real  world.  In  general,  detection 
ranges  are  limited  by  the  environment  to  a  constant  value  until  searcher  speed 
reaches  about  10-15  knots,  and  then  decrease  with  increasing  speed,  reaching 
the  zero  value  at  about  30  knots. 

Thus,  the  search  speed  of  Interest,  for,  the  forosoeablc  future,  lies  between 
10-15  knots  and  about  30  knots.  •  This  suggests  that  tVio  prcjccted  sipecd  capa¬ 
bilities  of  most  of  the  advanced  naval  vehic.lo  concepts  (with  the  possiblo  excep¬ 
tion  of  SWATH  ship.'))  gain  little  or  no  support  from  acarch  function.  This  is  not 
entirely  true  ainco,  in  the  analysis  of  sprint-drift  or  flying-drift  search, 
we  find  a  clear  case  for  high  sprinting  (or  flying)  speeds  between  search  periods. 
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2. 


Barrior  Search 


The  purpose  of  this  section  is  to  investigate  the  impact  of  search  speed 
on  the  probability  of  detecting  a  submarine  transiting  a  barrier.  The  geometry 
of  the  problem  is  shown  below: 


a.  Continuous  Search 

Initially,  we  assume  a  scarclier  conducting  a  continuous  random  search  in 
his  barrier  station.  Both  active  and  passive  sonar  search  are  addressed.  For 
both  methods,  the  detection  range  is  degraded  v;ith  speed  due  to  flow  noise  con¬ 
siderations. 

Over  the  speed  range  of  interest  (10-30  knots)  detection  range  as  a  function 
of  searcher  speed  (V)  is  approximated  by: 


o 


where  R  =  maximum  detection  range  for  the  given  conditions  (generally,  range  at 
speeds  of  0-10  knots) 

-4 

a  =  3  ::  10 

V  -  search  speed  (knots) 

and  the  oqucition  closely  approximates  empirical  data  which  indicates  flow  noise 
increasing  at  a  nearly  linear  rate  of  l.fldhAnot  over  the  speed  range  of  10-20 
knots.* 

*R.J.  Urick,  Principles'  of  Underwater  Sound  for  Engineers,  (New  York,  1967)  . 


The  sweep  rate  is  then  given  bys 


Sweep  liate  «  2RV  = 


w 


The  product  of  tho  sweep  rate  and  some  time  (t)  defines  a' rectangle  of  width 
-aV^ 

2R  e  and  length  Vt  to  which  one  adds  the  end  semicircles,  with  total  area 

-ctv^  2 

equal  to  n (RqC  )  ,  to  obtain  area  swept  in  t,  which  is 

Area  Swept  =  2R  e  Vt  +  ir(R  e  )  C 

o  o 

The  time  required  for  tho  submarine  to  transit  tho  barrier  is  given  by 

t  -  (hr) 

where  V  »  submarine  speed  (knots) 
s 

W  “  wJ.dth  of  threat  of  detection  to  the  target  (nm) 

The  total  area  swept  by  tho  searcher  in  time,  t,  is  then: 

2R^c  VW  2 

Total  Area  Swept  •=  - ; -  t  tt  ^R  e  )  C 


and  since 


W  «  2R  c  (nm)  , 


Total  Area  Swept  ■= 


M,  -aV^,2 

+  II  ( U^e  ) 


The  standard  oxproasion  for  the  probability  of  detecting  a  submarine  tran¬ 


siting  a  barrier  is: 


p  W  1  —  n 

D 


Total  Area  Swept 
Barrier  Area 


Therefore , 


-  1  -  o 

whore  L  “  length  of  barrier. 


2VR  o 
o 


,  -aV' , 

IT  (RqO  ) 


b.  Sprint-Drift  Search 


The  purpose  of  this  section  is  to  investigate  the  impact  .of  soaron  speed 
on  the  probability  of  detecting  a  submarine  transiting  a  barrier  by  using  sprint- 
drift  search.  The  geometry  of  the  problem  is  shown  beloW: 


Sprint-Drift  Search 

The  result  is  an  overlapping  search  pattern  wherein  the  searcher  sprints  a 
distance  K  at  a  speed  V  then  drifts  and  listers  fpr  «.  time  Tjj.  He  then  sprints 
another  distance  R  and  continues  to  repeat  the  maneuver.  Detection  range  i^  equal 

to  F  (maximum  for  the  environment)  since  searching  is  confined  to  the  drifting 
pc.riod . 

The  time  to  complete  one  segment  of  the  sprint-drift  search  is; 

T  B  —  +  T  (hr)  C-7 

V 

Wliero  R  “  detection  range  (nra) 

V  sprint  speed  (knots) 

Tj^  =  drift  (listen)  time  (hr) 
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The  BpoGd  of  advance  of  the  searcher  is  then  given  byi 


(knots) 


H  +  VT_ 


The  sweep  rate  then  becomes: 


Sweej.'  Rate  “  /3  RV  >- 


/3R^V 
R  +  VT, 


(€) 


The  time,  t,  required  for  a  submarine  to  transit  the  barrier  is 


where  W  =  width  of  barrier  (nm) 


Vg  “  speed  of  submarine  (knots) 


Therefore,  the  total  area  swept  out  in  time,  t,  using  sprint-drift  tactics  is 

V:'3rAj  ,  2, 

Sv*“pt  *=  — —  (nTTi  ) 

Vgdi  +  Vl'jj) 

2 

When  the  initial  area  of  dotoction,  irR  ,  is  added  to  the  total  area  swept 


and  the  barrier  width  is  2R  we  have: 


Pp  -  1  -  e 


r  V/3R^ 

- - -  _^K 

V  I.(R  +  VT  >  2L 

*  L.  o  U  " 


Alternative  seoroh  tactics  exist.  Section  F  of  <Ms  appendix  compares  the 
overlapping  search  tactic  above  with  a  random,  non-ovcvlappiny  search. 


I 


3. 


Opon  Area  Search 


The  purpoee  of  this  section  is  to  investigate  the  impact  of  search  speed 
on  the  expected  number  of  targets  detected  per  hour  using  continuous  open  area 
search.  The  detection  range  is  degraded  with  speed  due 'to  flow  noise  as  in 
the  barrier  case.  The  targets  have  an  average  density  per  square  nautical 
mile  and  have  uniformly  distributed  track  angles. 

The  geometry  of  the  problem  is  shown  below. 


I 

I 


Y  t  'i 


Open  Area  cli 


a.  Continuous  Search 


'  The  expro.f;ti.i.on  Cor  the  number  of  targets  detected  per  hour  is  based 
on  Koopman's  theory  of  oearcdi,  and  is  modified  in  this  analypio  to  include 
the  affect  of  flow  noise  on  detection  range  as  tlie  search  speed  is  increased. 
Tlu’  number  of  targets  detpeted  per  hour  is  given  by. 


N  (V  +  V  ) 
o  s 


1!^ 

II 


-aV 


dVV 


1  -  — 


(V  +  V_) 


sin  ijjdiji 
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Whore  V  “ 
V  » 

B 

N  « 

Ro" 
a  “ 


search  opeod  (knots) 

target  speed  (knots) 

2 

target  density  (number  per  nm  ) 

detection  range  at  zero  speed  (nm) 

-4 

3x10 


ij)  -  (Tr-<!>)/2 

♦  *•  target  track  angle  (degrees) 


The  integral  expression  is  an  elliptic  integral  and  is  readily  evaluated 
using  standard  tables  of  elliptic  integrals. 


b.  Sprint-Drift  Search 

The  purpose  of  this  section  is  to  iiivustiyate  tliu  impact  of  search  speed 
on  the  expected  number  of  targets  detected  i^er  hour  using  sprint-drift  tactics. 

The  goemotry  is  essentially  the  some  as  in  tlie  barrier  case,  with  the  exception 
that  the  search  area  is  unbounded. 

A  first  order  approximation  to  the  expected  number  of  targets  to  pass  within 
a  distance,  R,  of  the  searcher  during  a  drift  (listen)  period  is  given  by: 

N  NitR^  I  2NRV  1’  C-13 

o  S  D 

whore  the  quantities  in  the  expression  liavc  been  previoiuily  defined. 

The  num)-3er  of  targets  det.ccted  during  one  ].i.'iten  period  is  the  sum  of  the 
targets  inside  the  radius  of  dcitoction  at  the  beginning  of  the  period  plus  the 
number  that  entor  during  the  listen  period. 

Hence,  the  expected  riumtior  of  targets  detected  i^er  hour  is  the  number 
detected  per  listen  period  divided  by  the  duration  of  the  cycle,  i.o.. 


NiiU  -I-  2NUV  T 
_ s  D 

•-  +  T 
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C-14 
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Tho  number  of  targets  dotoched  per  hour  given  in  equation  C-14  illustrates 
the  impact  of  speed  when  eprinh-drlft  search  is  used.  This  approximation  can 
bo  modified  to  consider  different  approaches  to  the  search  tactic.  For  example, 
equation  C-14  does  not  differentiate  between  targets  that  were  detected  on  pre¬ 
vious  looks  and  targets  that  are  new  detections.  Thus,  some  targets  are  counted 
more  than  once.  Those  duplicated  detections  could  be  subtracted  to  give  the 
number  of  new  dotections  per  hour.  Tho  sprint  distance  could  be  optimized  for 
a  given  sprint  speed.  In  addition  the  number  of  detections  at  aero  speed  de¬ 
pends  on  tho  initial  aenumptions  about  the  searcher.  For  example,  If  the  search 
is  required  to  sprint  u  given  distance  before  listening,  then  the  number  of  de¬ 
tections  at  zero  ripcod  is  zero. 


D.  PURSUIT 


Tho  purpose  of  this  appendix  is  to  demonstrate  the  appropriate  geometry, 
derivations  and  equations  used  in  the  analysis  of  the  utility  of  speed  in  pursuit. 

1.  Pursuit  Curve* 

The  geometry  for  deriving  the  curve  of  pursuit  is  shown  in  Figure  D-1. 

The  curve  (AB)  is  traced  by  a  point  P  (pursuer)  which  moves  in  such  a 
manner  that  its  direction  of  motion  is  always  pointed  toward  a  second  point 
P'  (pursuoe)  which  moves  along  the  path  (CD).  The  speeds  of  P  and  P'  are  taken 
to  be  constant.  Tho  problem  proposed  is  to  construct  the  curve  of  pursuit  <AB) 
when  (CD)  is  given  and  the  speeds  of  P  and  P'  are  known. 

The  simplest  problem  of  this  typo  is  that  for  v.’hich  the  path  of  the  purminn 
Is  a  uLralgliL  line. 

Let  P  «=  (x,y)  bo  a  point  on  the  pursuer's  curve  and  P'  -  (w,z)  be  a  point 

on  tho  path  of  the  pursuoe. 

Tho  curve  traced  by  P'  is  given  by 

f (w,z)  ”  0  D-1 

Since  tho  tangent  through  P  passes  through  P'  thc3  purisuit  equation  can  be 

written  as  (  z  -  y  )  -  ^  (  w  -  x  )  D-2 

dx 

Lot  tho  speed  ratio  of  tlio  pur.sucr  to  pur.sueo  bn  given  by  C  ,  then 

★ 

Introduction  to  Nonlinear  Differential  and  Integral  Eenuations,  U.  S.  Atomic 
Energy  Coimni.rijiion,  U.S.  Government  Printimj  Office,  (Washington,  D.C.,  1960) 
pp  113-120. 
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Jfiguro  0-1 


Geometry  For  Deriving  The  Curve  Of  Pursuit 


A 


P  =  Pvirouer 
P't’  Purauoo 
AB  ■=  PatV>  of  Purijuor 
CD  <-  Path  of  I’ur.'-.ueo 
da  El  ament  of  Arc  on  Pursuer's  Path 
do  “  E:i.uinent  of  Arc  on  Pursuee's  Path 


dt  **  ^dt'  olemcntB  of  the  arcs  of  the  pursuer  and 

putBUce  respectively.*  We  then. have  the  equation 
2  2  2  2  2 

dx  +  dy  “  C  (dw  +  dz  )  D-3 


Since  y,  w  and  z  are  functions  of  x,  D-3  can  bo  written  in  the  form 


Differentiating  D-1  and  D-2  with  respect  to  x»  we  get 


aw  dx  3z  dx 


D-5 


and 


dz  d  y  ,  ,  .  dy  dw 

“  a  — ^  (  w  -  x)  +  j  T~ 
2  dx  dx 


dx 


dx'^ 


D-6 


the  proper  values  for  D-1,  D-2,  D-5  and  D-6  are  substituted 
into  the  right-haiid  member  of  equation  b  -  4  ,  uhe  differential  equation  of  Lhu 
curve  of  pursuit  is  obtained. 

Applying  this  goneral  theory  to  determine  the  curve  of  pursuit,  when  the 
pursuea  moves  along  a  straight  lino  parallel  to  the  y-axis  and  a  distance  d 
from  the  origin,  we  get 

clw 

W  “  d  and  ”  »  0, 
dx  , 


Prom  equation  D -  6  , 

dz  d^y  . 
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Substituting  D-G  into  D  -  4  ,  the  following  difforontial  equation,  is  obtained. 


Integrating  D-8  twice  yields  the  equation 


y 


1 

2 


1/C 


c(l  +  C) 


(cl  -  x) 


1  +  1/C 


J 


Figure  D-2 

Geometry  For  Pursuit  Curve  When 
Pursueo  Moves  Along  a  Straight  Line 
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PC  “  a 

PP'  ■=  d'  d  soc(0  -  d  cscO 
PI  “  Path  of  Pursuer 
P'l  »■  Path  of  Pursueo 

At  X  »  0,  y  >=  0,  and  “  “  taii(0  -  -cotO ,  Now, 

„  k  fold  -  -  i(d  - 

dx  2  I  .  c  J 
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At  X  »  0 


*cotO  ■= 

2  L  o 


] 


1/C 

c  «=•  d  (-cotO  +  cscO) 


We  reject  -d  '  '(cotO  +  cscO)  as  a  spurious  solution  (it  gives  the  case  when 
the  direction  of  the  pursuee  is  reversed,  i.e.,  when  the  tracking  angle  is 

ir  -  0) . 

Substitution  for  c  in  equation  D--9  yields  (at  x  “  0) 


1  L  j.__ 

2  [i  -  C 


(“CotO  t  cnc‘0)cl  + 


( - 1 - .\d] 

1  +  C  ^-cotO  +  cscOy  J 


+  c ' 


Solving  for  c' 


(CcocO  -  C^cotoA 
-  1  ) 


If  C  >  1,  capture  takes  place  when  x  “  d,  i.o. ,  when 


(CcscO  -  r;^c:oto\ 

.^-1  r 

h  -  .  ic 

\  c  •  -  1  / 


The  capture  distance  is  thus, 


IP' 


=*  IC  -  P’C 
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where  i.V  is  the  initial  separation  distance. 

The  derivations  above  take  the  weapon  range,  to  be  0.  If  we  consider 
a  pursuer  with  a  positive  weapon  range,  and  infinite  weapon  velocity,  then 
capture  occurs  when  the  distance  between  iJursuer  and  pursueo  is  In  the  fol 

lowing  derivation  we  take  the  tracking  angle  to  bo  —(=  9o”)  and  normalize  all 


distances  to  the  initial  sopareition  distance  d. 


Figure  D-3 


BC  =  normalized  initial  separation  diatanoo 
PP'  =<  normalized  distance  between  pursuer  and  pursues 
BPI  «  pursuer's  path 
CP' I  >=  pursuoe's  path 


(1 


x)^  -  . 


(1  -  X)' 


•l/C 


If  we  lot  z 


D-17  becomes 


,  fj  +  1 
z 


C 

+  z' 


For  arbitrary  r,,  D~10  door;  not  have  a  general  solution  no  wo  must  uso  nvimorlcal 
methods,  o.g.,  Nowton'rJ  method  of  itoration,  t;o  evaluate  z. 

Tho  normalized  captiirc  distance  is  thvia 


P'C 


+  (1  - 
dx 


X) 


1 


1^ _ 

H-  1 


c 

z 


The  capture  distance,  is  (d)(P'c). 


2. 


Constant  neciring  Interc opt 


The  geometry  for  deriving  the  equation  for  constant  bearing  intercept  is 
shown  in  Figure  D-4. 

The  lino  (OI)  is  tlu?  projected  track  of  the  ijursuoe  and  the  line  (QI)  is 
the  intercept  course  followed  by  the  pursuer. 

The  pursuee  is  initially  detected  at  0,  a  separation  distance,  d,  froiu  the 
pursuer,  who  la  located  at  Q,  The  pursuee 's  direction  is  at  an  angle  0  to  the 
direction  OQ. 

Figure  D“4 

Geometry  for  Constant  Bearing  Intercept 


O 


OQ  d  !=  Initial  Separation  Di.stance 
OI  =  Projected  Track  of  Piirsuoa 
QI  =-  lriterc(.:pl:  Path  of  I’ursuor 
0  t=  Ini  tin!  Track  Angle 
(ji  M  Pursuer's  J.eud  Anglo 

V  '  Pursuee '£1  Speed 
P 

V  =  Pursuer's  Speed 
P 

t  !=■  Time 
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The  pursuco  than  movos  along  his  projected  track  (01)  at  a  constant  speed, 
pursuer  sets  off  on  hin  course  (QI)  and  load  mnlo  ip ,  to  intercept 
the  pursuee  at  point  X.  •  Iho  pursuer  also  maintains  a  constant  speed  Vp. 

Dy  the  law  of  cosines 

d^  +  (Vp,t)^  ~  2dVp.t  co.'iO  -  (Vpt)^  =  0  D-20 


2Vp,t  cosO  a.f4(Vp't)^  cos^O  -  4  [(Vp't)^  -  (Vpt)^j 


or  d  =  V  t  cosO  +  t 

pi  —  } 


(Vp,t)^(cofi2o  -.1)  +  (Vpt)' 
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Dividing  through  by  V  ^t,  and  letting 


/Vp 

''(v 


then 


---  -  cost)  +  (cos^O  -  1) 
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Since  the  desired  measure  is  capture  distance/initial  separation  distance, 

We  invert  D  ■  13  and  obtain 

^  . 

cosO  I-  (ccs^O  -  1) 


Vp,t  „ 


'•1 
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Suppose  that  tlie  jiursuei:  is  armed  with  u  weapon  that  has  a  range  The 

pursuer  * s  objective  is  to  maintain  a  constant  (steady)  bearing  course  and  come 
witliin  u  distance  of  t)io  pursuee  in  a  specified  time,  t.  Then  by  the  law  of 
the  cosines: 


D-9 


t 


Pursuit  With  Intermittent  Information 


This  suction  derives  tho  basis  for  determining  the  probability  that  a  pur¬ 
suer  is  able  to  relocate  a  pursuee  with  the  pursuer's  on-board  sensor  system  at 
some  time  after  the  pursuer  has  received  information  that  the  pursuee  is  a  distance 
d  away.  The  information  processing  and  data  link  time  is  taken  to  be  zero.  The 
pursuer  travels  on  a  straight  course  through  the  last  known  position  of  the 
pursuee.  The  pursuee  is  assumed  to  bo  a  point  target  (and  not  an  area  target, 

BUeh  as  a  wake)  and  to  move  in  any  direction  within  the  area  of  uncertainty.  This 
area  is  the  circle  which  encloses  the  area  of  possible  target  location.  Its  radius 
is  equal  to  the  sum  of  the  initial  location  ■ rror  plus  the  product  of  the  pur- 
suee's  speed  and  the  elapsed  time  since  this  location  was  made.  In  this  simple 
ease  it  in  assun\e'^  that  the  purru^r's  hirn'inr  Jias  a  swath  width  W  within  which  the 

b 

probability  of  detection  is  one.  'Outside  this  band  the  probability  of  dctcctien 
is  zero. 

When  the  location  error  of  the  intermittent  information  system  is  negligible, 
the  initial  area  of  uncertainty  that  could  contain  both  the  pursuer  and  the 
pursuee  has  a  radius 


R  =  V  T 
1  P'  1 
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whore  V^,  »  pursuee  speed  and  -  time  for  pursuer  to  transit  (See 

I 

Figure  D-5) 
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Figure  D-5 


■The  i:)urauor  searches  on  a  constant  course. with  a  constant  swath  vddth, through 
the  area  of  uncertainty.  As  the  pur.suer  transits  through  the  area  of  uncer¬ 
tainty,  the  area  of  uncertainty  incronses  us  a  function  'of  the  pursuoc's  speed 
and  the  time  for  the  pursuer  to  transit  through  the  area  of  uncertainty. 

The  incremental  change  in  the  probability  of;  detection  is 


AFy  -  (X  ) 


w„vA'i: 


ir(iyV^,,T)' 
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where 


1 


W 


V 

WgAT 


probabilivv  the  target  was  not  detected  in  previous  AT's 
e  swath  widtli  of  pur. suer 

“  mean  relative  speed  of  pur.'iuer  and  imrsueo 
“  area  swept  in  AT 
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lt(Rj^+Vp,T)  “  area  of  uncertainty  as  it  increasoa  with  tiii\e 


time  that  olapESoc.  after  purouor  roaches 


Integrating 


1  _  Qxp 


r  WgVT  ^ 

L  J 


Since  V  “  mean  relative  speed  of  the  pursuer  (Vp)  and  the  pursues  ha\/a 


V  1=  —tv  +  V  ,  )/^'4  -  ain^c  dtj; 

ir  P  P '  0 


“  Vp,jE(o) 


where  ,  . ' sin  o  ^ 


'^p  '^p- 


and,  f  >= 

E  (o)  is  an  elliptic  integral  of  the  nocond  kind,  readily  evaluated  using 
standard  tables  of  elliptic  integrals. 

The  time  for  the  purcucr  to  complete  a  first  pass  through  the  area  of 
uneertainty  is 

tp  -  in  1=1 - - — 

2  1 

P  P' 

where  ”  time  for  pur.'iuer  to  overtake  pursmee  if  the  track  angle  were  100° 
and  “  time  for  purtiuer  to  overtake  purEiuon  if  track  angle  were  0°. 

The  probability  that  the  pursuer  dotocUs  the  pursuoo  on  the  first  pass 
througli  tlio  area  of  uncertainty  is; 

r  4  WsK(u)  Tl  t  ---Vl 


J 

4.  . 


4 .  Sprint-Drift  Purault  with  Intcrmittont  Information 

li  npocial  cafje  of  pursuit  with  intonrittont  information  is  ono  whoro  the 
pursuer  must  roaort  to  a  ap*-int-drift  pursuit  tactic.  A  typical  case  would  bo 
one  where  the  pursueo  is  a  high  speed  submarine  and  the  pursuer's  sensor  is 
acoustic  and  will  not  function  continuously  at  the  high  speeds  required . 

In  this  analysis  the  pursuor  alway.s  sprints  to  the  last  known  position  of  the 
submarine.  This  Is  duo  to  the  fact  that  the  submarine  may  run  on  any  course  dur¬ 
ing  the  pursuer's  sprint  period  and  therefore  it  docs  not  benefit  the  pursuer  to 
attempt  to  anticipate  the  submarine's  now  course  and  speed.  Hence  this  process 
can  be  viewed  as  a  modified  pursuit  course  since  the  pursuer  proceeds  to  the 
•  last  known  position  of  the  submarine,  as  opposed  to  heading  toward  the  actual 
position  as  in  the  case  of  pure  pursuit. 

At  some  initial  time,  t^,  the  pursuer  detects  a  submarine  at  some  initial 
distance,  R^.  He  then  sprints  to  this  datum  ot  a  giveii  speed,  V^,  and  lijtons 
for  a  time,  Tjj.  » 

The  time  clap-sed  during  the  first  sprint-drift  period  is 
R 

.  4*  T  r»  1 

'■1  V  D  D-3 

P 

During  this  time,  the  submarine  has  traveled  a  distance 
K  «  V  t 

1  }?'  1  D-3 

where  “  submarine  (pursueo)  speed. 

The  time  for  the  next  sprint-drift  period  is,  then, 

t^  -  -I-  D-3 

and  the  submarine  travels  a  distance  given  by  R  ==  V  t  . 

^  tr  A 

The  process  is  ropeati^d  until  the  limiting  value  R  «  R  .  is  reached. 

-  n 


IV 


since  the  location  of  each  drift  (search)  portion  of  the  cycle  is  the 

location  of  tho  pursuoe  at  the  oncl  of  the  previous  drift  period  and  each  drift 

« 

period  roquiroo  a  fixed  time  ('1'^^)  ,  this  limit  of  convergence  is  reached  when 

the  ground  gained  between  sprints  equals  that  lost  while  listening,  i.o.  if  tho 

pursuer  had  infinite  sprint  speed  tho  limiting  distance  would  still  be  given  by 

the  product  of  the  submarine  speed  and  the  drift  time. 

Tho  total  time  elapsed  during  the  sprint-drift  pursuit  is  then  given  by 

T  "  t,  +  t„  +  t  +  . . .  +  t  . 

12  3  n 

Using  theie  basic  expressions,  the  separation  distance  can  be  determined  by 
an  iterative  process  for  each  successive  spriril -drift,  and  from  this  a  sep¬ 
aration  di, stance  history  of  closing  distance  versus  olapKod  time  may  be  plotted. 
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13.  MANEUVER  AND  AVOIDANCE 


1 .  Manouvor  to  Avoid  an  Approaching  Woapon 


This  Boov.ion  derives  an  equation  for  determining  the  speed  at  which  a 
platform  must  maneuver  in  order  to  avoid  an  approaching  weapon.  Several  ro- 
strictive  assumptions  are  made  about  the  weapon  and  the  maneuvering  target) 
thus,  the  derivation  is  illusl.rativu  and  not  dofinitivo. 

Figure  E-1  illustrates  the  geometry  involved  for  this  case.  The  woapon 
and  target  are  heading  directly  toward  each  other.  The  target  chooses  to 
maneuver  when  the  weapon  is  a  distance.  D^,  from  the  target.  The  distance  D 
deiJonds  on  the  weapon  charaatoristics ,  the  target  characteristics  and  tho  poten¬ 
tial  esoapu  path.  The  escape  path  used  in  this  case  is  a  path  that  is  normal 
to  the  minimum  radius  of  turn  that  the  attacking  weapon  can  make.  Tho  n.inimum 
radius  tdrn  that  a  weapon  can  make  is  a  function  of  tho  weapon  speed  and  weapon 
maneuverability  (i.o.,  number  of  gs  the  woapon  can  pull).  In  this  section  tho 
minimum  turn  radius  of  the  weapon  is  defined  by  a  radius  R,  as  follows: 


where, 


=  weapon  speed 

n  “  limiting  acceleration  of  the  weapon  (number  of  gs) 


g  “  32  feet/socond^ 


In  this  limiting  enso  example,  tho  target  is  assumed  to  have  no  such  restriction 
and  is  able  to  tvirn  instantaneouF-.ly  toward  tho  escape  path. 


I 


Ficiure  E-1 


Geometry  for  Target  .'■•anouvering  to  Avoid  a  Weapon 


Separation 
Distance 
At  Time 
Turgot 
Maneuvers 


Target 


Distance  Target 
Must  Travel 
To  Avoid 


target  after  maneuver 
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To  avoid  interception,  the  target  must  travel  a  distance  X  +  R  before 

w 

the  weapon  travels  a  distance  on  the  weapon's  minimum  radius  turning  path, 
where , 


.  X  “  /i?  f  -R 


and. 


D  w  separation  distance  between  the  target  and  the  weapon  when 

s 

the  target  starts  his  maneuver 
R^^  ■«  weapon  lethal  effect  radius 

”w  ■  V  “  f 

0  B  tan 


T  “  time  for  weapon  to  travel  a  distance  D 
'  R  tan“^  (-|-) 


W. 


If  V  >  V  +  ■»’  .  the  target  oar  osrane  the  wennon  on  the  tnroet'n  esnaOM 
path.  The  weapon  lethal  effect  radius  from  which  a  target  can  escape  by  maneuver 
(under  the  i^rovious  assumptions)  is  given  by. 


%  <  V  ^ 
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where  V^,  target  speed 


If  the  target  acts  Intolligentiy ,  he  will  begin  his  evasive  maneuver  at  the 
time  most  beneficial  to  him,  i.o,  when  the  rccpiirod  weapon  lethal  effect  radius, 
R^,  is  maximal.  Putting  equation  E-2  in  the  form  where  only  osaential  parameters 
are  present  we  have 


E-3 


t 


Difforontiating  with  roopcict  to  D  and  equating  with  zero,  we  obtain 


V,„K' 


'w  »  .  .<F7,'i 


or 


which  yields 


Equation  E-3  gives  the  optiuium  separation  distance  for  a  target  to  begin  its 
manuevcr  against  a  weapon  when  the  target  is  able  to  turn  instantaneously  to¬ 
wards  its  escape  peith,  When  the  value  of  given  in  equation  E-3  is  used  in 
eqv.ati'^n  E-'^.  '*"?  have  thr>  way  I  mum  weapon  radius  of  effectiveness  that  can  be 
avoided  under  the  above  assumption. 


E-4 
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F.  A  COMPARISON  OP  TWO  SPRINT-DRIFT  TACTICS 

This  section  coitiparea  two  different  sprint-drift  (or  flying-drift)  tactics 
for  search.  This  comparison  is  treated  separately  in  the  appon'lx,  since  the 
focus  is  on  the  relative  merits  of  platform  tactics  rather  than  specifically  on 
the  utility  of  vehicle  speed. 

In  each  case: 

V  is  the  sprint  (or  flying)  speed  in  knots 
Tp  is  the  drift  time  required  to  complete  a  search  period  in  hours 

Rp  is  tiie  detection  range  of  the  sensor  (at  zero  speed)  in  nautical  miles 

The  first  tactic  is  described  in  Section  C  of  this  appendix,  analyzed  for 
search  offeotivenoas  ns  a  function  of  vehicle  speed  and  usqd  in  Section  V  of 
the  basic  report.  In  the  first  tactic,  the  searcher  proceeds  at  sprint  speed 

for  a  distance  K  ,  stops,  drifts,  and  searches  for  a  period  T,.  This  cycle  Is 

D  ,  . 

repeated  along  a  predetermined  path  of  straight  line  segments.  This  tactic  re¬ 
sults  in  considerable  overlap  of  search  area,  but  there  are  no  holes  or  "holidays 
loft  unswopt. 

From  the  geometric  description  in  Section  C  of  the  Appendix,  the  area  sw-pt 
is  approximately  given  by: 

A  “  /JRj^V'T  F 

where  »^3Rjj  is  the  .sweep  width 

V  is  tlie  overall  speed  of  advance  ' 

T 

1  1  ^  D 

Witll  ra  —  I 

v  V  % 

and  T  is  the  total  time  of  search.  So  long  as  T  in  largo  (i.o,,  several  cycloo) 
the  approximation  is  close  to  the  true  area  siwopt.  The  principal  difforonoc 


con»ists  of  tho  sorni-circlea  at  the  end  and  boginniny  of  tho  search  and  any  area 
loot  in  changing  the  direction  of  tho  search  path. 

For  a  continuing  aoarch  (where  T  ir,  large)  tlio  sweep  rata  is  the  total  area 
swept  in  time  T.  Since  each  sprint  (flight)  covers  a  distance  at  a  speed  of  V, 
from  F-l  and  F-2  above,  we  have  an  overall  search  rate  of: 


A 

■1* 
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The  second  tactic  is  to  sprint  to  a  new  position  such  that  the  circles  of 
detection  by  the  sensor  during  drift  do  not  overlap.  A  vehicle  conducting  a  ran¬ 
dom  search  of  this  type  (constrained  by  non-overlap)  would  spend  a  greater  time 
sprinting  in  each  cycle  and  would  leave  large  random  holidays  in  tho  area  to  be 
searched. 

T)io  objective  is  to  coiupuroi  the  two  tactics  to  determine  the  ratios  of  area 
searched  in  a  given  time. 

To  simplify  the  calculation,  the'  non-overlap  tactic;  used  is  a  special  case 
where  tho  searcher  sprints  in  a  straight  path  a  distance  of  211^^,  which  results  in 
consecutive  detection  circles  v;hich  arc;  tangent. 

Thus,  the  time  of  a  single  soarc5i  cycle  is: 

2U 

_ii  •+ 

V 

BO  that,  in  a  total,  time  T,  tliero  are: 


T 


looks ,  and 


r-2 


I 


the  total  area  searched  la; 


»  ,>2 

T  1,1^ 


+  T„ 
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Note  that,  in  this  special  case,  required  sprinting  time  is  the  minimum  for 
a  "random"  search  subject  to  the  constraint.  Thus,  ratios  of  the  search  rates  of 
the  two  tactics  are  limiting  calculations  favoring  the  random  case.  (An  indication 
of  the  sensitivity  of  search  rate  to  this  assumption  appears  in  Table  P-1.) 

From  equation  F-4,  the  search  rate  for  the  random  case  is: 


I 


2 
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Dividing  equation  F-3  by  equation  P-5,  we  obtain  the  ratio  of  the  search 
rate  of  the  tactic  with  overlap  to  that  of  the  random  tactic: 


w 


1  + 


Rj,  +  V 
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Figure  F-1  plots,  for  various  values  of  sprint,  (flying)  speed,  combinations  of 
drift  time  (T^)  and  detection  range  (R^)  at  which  the  ratio  of  search  rates  is 
unity.  The  accompa.iyincj  discussion  sheet  provider,  detailed  development  and  com¬ 
parison.  In  gcne'-nl,  for  the  aasumecl  values  the  parameters,  the  random  t-ictic 
results  in  higheu-  search  rcites. 
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Figure  F~1 

Combinations  of  Drift  Tima  (T^)  and  Detection  Range  fv 
Yielding  Equal  Search  Ratos  for  Overlap  and  Random  Search  Tactics 
(Calculated  for  Various  Sprint  or  Flying  Speeds) 


Detection  Range  VJlii.le  Drifting,  (nra) 


Figure  F-1 


Combinations  of  Drift  Time  (Tj^)  and  Detection  Range  (Rj^) 

Yielding  Equal  Search  Rates  for  Overlap  and  Random  Search  Tactics 
(Calculated  for  Various  sprint  or  Flying  Speeds) 


Purpose 

To  indicate  the  relative  search  rates  between: 

•  An  overlapping  search  tactic  along  a  path  and 

•  A  random  search  tactic 

in  sprint-drift  or  flying-drift  search  for  various  values  of  the  pertinent 
parameters. 


Basis  for  Calculations 

The  figure  is  a  plot  of  equal  search  rates  for  the  two  tactics  for  selected 
sprint  (or  flying)  speeds.  Tliat  is,  from  Equation  F-6s 


(for  each  V  indicated) ’ 


where 

V  is  the  sprint  (or  flyj.ng)  speed  in  knots 
Tj^  is  the  drift  time  in  hours  required  to  complete  a  search  period 

(For  sprJ.nt-drift,  this  includes  time  for  the  towed  array  to  settle 
and  time  to  seni.ch.  For  llying-dirft,  t'nero  is  an  additional  drift 
time  required  to  stream  the  array  before  searching  and  to  recover  it 
after  the  searcli.) 

is  the  detection  range  of  the  sensor  (nt  zero  speed)  in  nautical  miles: 
tind  tlie  values  of  these  parameters  are  the  same  for  either  tactic. 
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The  figure  plots  combinations  of  and  at  which  the  value  of  the  ratio 
of  search  rates  io  unity  for  the  indicated  values  of  V.  As  indicated,  for  each 
V,  any  combination  of  and  above  and  to  the  left  of  the  lino  is  a  case 

where  the  overlap  search  rate  is  less  than  that  of  the  random  search  tactic. 

Fr^inclpal  Points 

1.  Current  technology  indicates  the  following  approximate  combinations  of 


the  pertinent  parameters: 

V  (kta) 

Tj^  (hr) 

Rj^  (nm) 

■  Sprint  Drift 

80 

0.3 

10-25 

Flying  Drift 

200 

1.5 

10-25 

As  the  figure  indicates ,  the  random  search  tactic  produces  higher  search  rates 
for  these  combinations. 

2.  There  is,  however,  an  artificiality  in  that  the  random  tactic  oinpioyed 
is  a  limiting  ca.se  whorcin  the  sprint  (flying)  distance  (SR^^)  is  a  minimum 
for  a  non-over laijping  random  search.  The  sensitivity  of  the  results  to  this 
assumption  was  tested  by  considering  a  random  search  isattern  wherein  the  average 
distance  tetW'-.en  fjearcli  centers  was  doubled  to  (still  maintaining  the  con¬ 
straint  of  non-overlap).  Comparisons  of  the  act\jal  search  rates  are  tabulated 
in  Table  P-l. 
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Table  F-1 

2 

Type  oi  Search  Actual  Rates  (nm  /hr) 

Rp  “  10  **0  " 


Sprint  -  Drift 
(V  ■>  80,  Tjj  >»  0.3) 


Overlap 

Random 

408 

1767 

Sprint  Distance  =  2Rjj 

570 

.  2123 

"  ''  t=  4Rp 

392 

1415 

Flying-Drift 

{V  =  200,  T|^  1.5) 

Overlap 

Random 

112 

666 

Sprint  Distance  =  2Rj^ 

196 

1122 

"  •'  t=  4R 

D 

185 

1062 

3.  In  sprint-drift,  the  preferred  tactic  is  senoitivc  to  the  average  sprint 
distance  required  for  the  random  search.  In  flying-drift,  random  is  clearly  pre¬ 
ferred  because  of  the  higher  speed. 

4.  The  ti\hlo  indicates  that  for  either  tactic,  sprint-drift  produces  much 
higher  search  rates  than  does  flying-drift.  This  is  duo  to  the  much  higher 
ratio  due  to  the  a.ssumption  of  =  1.5  hours.  Since  any  gain  in  detection 
range  (U^^)  which  may  be  possible  should  be  equally  available  to  sprint-drift 
vehicles,  competitive  flying-drift  vehicles  would  require  some  combination  of 
higher  flying  speeds,  and  shorter  drift  time.s  than  the  value  assumed  (Tj^  ■= 


l.r>  hrs.)  . 


..w  (liivrs 


1; 

i  ■  .  . 

I- 

5.  Finally,  it  should  bo  noted  that  tho  search  rate  criterion  is  not  tho 
final  nieasuro  for  comparison.  If  tho  specific  scenario  dosoribing  the  search 
'  area  and  throat  were  developed,  the  respective  search  rates  could  bo  used  to 
compute  corresponding  probabilities  of  detection. 
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G.  SEA  LOITER  (SEA  SITTING)  AIRCRAFT 

This  Boction  of  tho  appendix  discusses  sea  loltor  vthiclQS  gonoralLy 
and  coitiparos  (for  a  gonorai  mission)  force  level  requirements  of  such  vehicles 
with  those  of  air  loiter  aircraft. 

Currently  available  information*  on  sea  loiter  vehicle  concepts  indicates 
the  following: 

Speed  range  -  200-500  knots 

Gross  weight  -  500-1000  tons  (C5A  «  350  tons) 

Useful  load  -  60^-70%  (C5A  «  50%-60%) 

(Payload  plus  fuel) 

The  sea  loiter  concept  implies  a  very  xargo  vehicle  capable  of  high  unit 
X'ayloads  and  long  airborne  endurance  independent  of  tho  sea  sitting  characteris¬ 
tic.  Air  loiter  vehicle  concepts  have  similar  characteristics,  except  for  the  sea 
sitting  capability. 

Data  on  such  vehicles  is  akotchy  and  apocific  missions  have  not  boon 
defined.  In  this  analysis,  wo  assume  throe  general  motivations  for  the 
sea  sitting  capability: 

1.  Dramatic  inr;roasa  in  total  endurance  resulting  from  tho  capability 

to  sit  i.n  a  condition  involving  very  low  fuel  consumption  for  periods  of 
up  to  several  days.  Under  certain  conditions,  this  may  result  in 
reduced  force  level  reqviirements  for  a  given  posture  (reduced 
Base  Loss  Factor) . 

*  ANy^lE.t.  Interim  Ijyaluation  Seminar,  Air  Vehicles  Summary,  Peter  J.  Mantle, 
Technicaf  Director,  ~2G  March  1976. 
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2.  Short  roaponsG  timca  and  capability  for  performing  misaions  requiring 
high  speeds. 

3.  Ability  to  utilize  sonn<ir  systems  not  otherwise  employable  by  aircraft. 

« 

Thus,  the  sea  sitting  concept  makes  it  possible  to  combine  the  advantages 
of  the  endurance  (thus,  lower  BLF)  and  sensor  capability  of  surface  veliicles 
with  the  rapid  roaponso  (and  surge)  capability  of  aircraft. 

However,  unless  the  mission  is  such  as  to  require  both  a  surface  vehicle 
capability  and  rapid  response,  a  continuing  single  station  mission  may  be 
equally  fulfilled  by  a  surface  (or  near  surface)  vehicle  in  one  case  or  an 
air  loiter  vehicle  in  the  other. 

Consider  a  mission  which  requires  one  vehirilc  continuously  on  a  single 
station.  The  mission  is  further  specified  in  that,  on  activation  by  a  detection 
or  on  direction  from  base,  there  is  a  requirement  for  an  aircraft  to  fly 
continuously  on  station  tor  an  unspecified,  but  long,  period  ot  time. 

In  this  case,  throughout  any  active  period,  there  is  no  sea  sitting 
and  the  ready  force  required  to  suj>port  the  mission  is  identical  to  that  of 
a  comparable  air  loiter  volilcle  force.  'Diere  is  no  appreciable  difference 
in  the  BLF*  during  this  period.  The  required  force  level  of  ready  aircraft 
would  bo  the  same.  Tims,  the  only  difference  in  total  inventoz'y  requi.rcments 
would  be  that  resulting  from  the  reduced  flying  hours  of  re^ll;^y  sea  loiter 
aircraft  during  the  non-active  periods. 

There  arc,  however,  potenti^il  missions  where  the  force  level  requirements 
for  sea  sitting  aircraft  could  bo  much  .smaller.  Thowo  ocemr  wlion  there  is 
a  requirement  for  continuously  occupying  several  such  stations  sinuiltanoousiy 

*Definod  as  in  flection  A  of  the  Appendix  in  terms  of  ready  n/c  only,  that  la 
a/c  on  station  plus  a/c  in  transit. 


(such  as  in  a  long  barL-ior  line).  If  there  is  a  high  confidence  that  only  a 
few  of  many  stations  might  simultaneously  be  active,  tho  sea  sitting  force 
level  can  be  tailored  accordingly.  The  air  loiter  force  cannot. 

This  can  be  illustrated  by  a  simple  example.  Parameters  are  as  follows; 
n  “  number  of  stations  which  must  be  simultaneously  occupied 

n  “  maximum  expected  number  of  simultaneously  active  stations 

a 

Tj,  “  total  endurance  time  of  an  aircraft  (hr) 

T^^  “  two  way  transit  time  (hr) 

T  .  “  mission  time,  flying  on  station  (hr) 

T  ■  sea  sitting  endurance  time  (fuel  consumption  assumed  to  be  zero) 

s 

“  T_  +  T  ^  for  air  loiter  alrcraf.t 
E  Tr  St 

■■  T„  +  T, .  +  T„  for  sea  loiter  aircraft 

Tr  St  S 


Thus,  as  in  Equation  A-4,  the  required  ready  inventory  of  air  loiter 
aircraft  is: 

pTr^Vl 


for  the  soa  loiter  aircraft,  the  requirement  reduces  to: 


Tr  St 


n  - m"' 


1 

IT  +  T  t 

H-  (n-n  ) 

Tr  S 

/  Q 

T 

i  s  / 

Wienevor  n  is  much  larger  than  n^  and 
T  is  much  larger  than  T 

o  u 

the  force  level  requirement  for  r.oa  sitters  is  much  smaller. 
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Figure  G-1  illustrates  for  a  simple  example  v/hero 

T,„  “  10  hrs 
Tr 

•  '  *•  10  hrs 

T„  «“  100  hrs 
S 
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Figure  G-1 


Example  of  Potential  Reductions  in 
Force  Level  Requirements  Resulting  From 
Sea  X^oiter  Capability 

Number  of  Ready  a/c  Required 
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Example  of  Potential  Reductions  in  Force  Level  Requirements  Resulting 
•  from  Sea  loiter  Capability 


Purpose: 


To  illustrate  the  potential  advantage  of  sea  loiter  aircraft  with  long 
sea  sitting  capability. 


Basis  of  Calculations: 


It  is  assumed  that  the.  maximum  number  of  alert  stations  (n^^)  is  known 
with  high  confidence  and  that  fuel  consumption  while  son  sitting  is  oasentially 


Let  n  “  number  of  stations 


«=■  maximum  number  of  activ.ited  stations 


so  that 


T  “  total  endurance  time  ot  an  aircraft  (hr) 
£<  .  .  > 


Tg  =  for  air  loiter  a/c,  and 


T  -  T  +  "^'st  t'^' •  loa  ic.'r  (whore  fuel  confjumption  while 

^  ^  Bitting  -  0) 


I 

'lx  . 


Thus,  the  number  of  ready  aircraft  required  fo.r  air  loiter  in 


T  .  T  ! 
Tr+  St 


and  for  sea  loiter  is 


Principal  Points ; 

1.  As  (n  -  n^)  goto  larger,  the  d.ifforonce  in  force  1qvo.I  requirements 


I 


mmnfJrnlim 


gets  larger.  The  BW  for  air  loiter  remains  cjonstant;  for  sea  loiter 
the  BIjF  rednooB  as  (n  ”  increases. 

2.  To  the  extent  that  sea  loitering  consumes  fuel,  these  differences  will  bo 
docreased.  If  tlrto  mission  calls  for  continuous  air  operation  commencing 
at  activation,  each  activated  sea  sitter  must  take  off  with  enough  fuel 
to  fly  on  station  until  his  relief  arrives,  plus  enough  fuel  to  return 
to  base  -  that  is,  enough  fuel  for  a  two-way  transit  if  his  relief  m\j3t 
come  from  the  base  (less,  if  nearby  stations  can  be  temporarily  vacated). 

In  this  case,  sea  sitting  time  must  bo  reduced  such  that  fuel  remaining 
can  always  meet  the  on  station  flying  requirement  and  the  transit  back 


